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SEMILINEAR P-EVOLUTION EQUATIONS IN SOBOLEV SPACES 


ALESSIA ASCANELLI AND CHIARA BOITI 


Abstract. We prove local in time well-posedness in Sobolev spaces of the Cauchy problem 
for seini-linear p-evolution equations of the first order with real principal part, but complex 
valued coefficients for the lower order terms, assuming decay conditions on the imaginary parts 
as |a;| —>■ oo. 


1. Introduction and main result 
Given an integer p >2, we consider the Cauchy problem 


PuiD)u{t,x) = f{t,x), {t,x) e [0,T] X R 

u{0,x) = uo{x), x G R 


for the semi-linear p-evolution operator of the hrst order 

p-i 

(1.2) Pu{D)u = P{t, X, u{t, x), Dt, Dx)u := DtU + ap{t)D^u + aj{t, x, u)Di.u, 

j=0 

where D = ic?, ap G C([0, T]; R), and Uj G C([0, T]; C°°(R x C)) with x i-A aj{t, x, w) G 

for 0 < j < p — 1 (i3°°(R) is the space of complex valued functions which are bounded on R 

together with all their derivatives). 

The condition that ap is real valued means that the principal symbol (in the sense of 
Petrowski) of P has the real characteristic r = —ap{t)^^] by the Lax-Mizohata theorem, this 
is a necessary condition to have a unique solution, in Sobolev spaces, of the Cauchy problem 
fll.ll) in a neighborhood of t = 0, for any p > 1 (cf. [M]). 

The condition that aj{t,x,w) G C for 0 < j < p — 1 imply some decay conditions on the 
coefficients as |a;| —)■ oo, because of the well-known necessary condition of Ichinose (cf. [TT] 1 
for 2—evolution linear equations, and of the very recent necessary condition of [ABZ3j for 
p-evolution linear equations with arbitrary p > 2. 

We give the main result of this paper. Theorem 11.31 for the operator P in fll.2p . i.e. under 
the condition that ap does not depend on the monodimensional space variable x G R, only for 
simplicity’s sake. Indeed, we can generalize Theorem 11.31 to the case ap = ap(t,x), x G R: see 
Theorem 14.11 Moreover, Theorems 11.31 and 14.11 can be generalized to the case x G R”, up to 
some technical complications, following the ideas of |KBj . [CR2j and |CC2j : see Remark 14.21 

The monodimensional problem for either operator 01.21) or 04.31) is of interest by itself; for 
instance, in the case p = 3 our model recovers equations of Korteweg-de Vries type, widely 
used to describe the propagation of monodimensional waves of small amplitudes in waters of 
constant depth. 
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Semilinear p-evolution equations in Sobolev spaces 


The original Korteweg-de Vries equation is 
(1.3) dtu = , 

where u represents the wave elevation with respect to the water’s surface, g is the gravity 
constant, h the (constant) level of water, a a fixed small constant and 


Th 



with T the surface tension, p the density of the fluid. The operator in fll.3p is of the form fll.2l) 
with constant coefficients = 03 and 02 = 0 , and with oi = ai(M). 

Assuming that the water’s level h depends on x, we are lead to an operator of the form fl4.3p . 
Our model can so be applied to study the evolution of the wave when the seabed is variable. 

The n—dimensional problem can find applications in the study of Schrodinger type equations 
(p = 2), and of higher order equations that can be factorized into the product of Schrodinger 
type equations, as for instance the Euler-Bernoulli equation of a vibrating plate 

d‘^u + a^(t)A^M + ^ 6 „(t, x)d^u = 0 

|«|<3 

(vibrating beam in the case n = 1). The above operator factorizes into the product {dt — 
ia(t)Ax — b(t,x,dx)){dt + ia(t)Ax + h(t,x,dx)) of two (pseudo-differential) Schrodinger type 
operators, modulo terms of order zero. 

The aim of this paper is to give sufficient decay conditions on the coefficients of Pu{D) in 
order that the Cauchy problem fll.ip is locally in time well-posed in H°°. 

Results of well-posedness of the Cauchy problem for linear p-evolution equations of the 
hrst order 

p-i 

(1.4) DtU + ap(t)Dlu + ^ aj(t, x)Di.u = f(t, x), 

j=o 

or for linear p-evolution equations of higher order, have already been obtained, first for real 
valued (or complex valued, with imaginary part not depending on x) coefficients (see for instance 
, lACj and the references therein), then for complex valued coefficients depending on the 
space variable x under suitable decay conditions on the coefficients as |x| —)■ -|-oo (see HaKHl 
ICCll lABZll lABlj for equations of the form fll.41) , |AB2l lACCl ICRll ICR21 ITlj for higher order 
equations, and |ACaj for equation fll.4p in a different framework). Among all these results, in the 
present paper we shall need an extension of the following theorem of |ABZ1] (see Theorem 12.11 
below): 

Theorem 1.1. Let us consider the operator \ 1 . 4 \) with Op G C'([0,T];M), ap{t) > 0 Vf G [0,T] 


and Oj G C([0, T]; B°°) for 0 < j < p — 1. 
[0,T] X R.- 

Suppose that there exists C > 0 such that V(f,x) G 

(1.5) 

\ReD^aj(t,x)\ < Copit), 

0 < /9 < j 

-1, 3<J<P-1, 

(1.6) 

\lmD^aj{t,x)\ < 

(x) p-i 

, o< 

1 1 

< J - 1, 3 < j < p - 1, 

(1.7) 

|Ima2(t,x)|< ^2 , 

{x)p-^ 




(1.8) 

Imai(f,x) -|- lmDxa2it, 

x)| < 

(x)p-i 
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where [/3/2] denotes the integer part of (3j2 and (x) := a/1 + 

Then, the Cauchy problem associated to equation fll.4p with M(0,a;) = Uo{x), x E M., is 
well-posed in (with loss of derivatives). More precisely, there exists a positive constant 
a such that for all f G C([0, T]; and Uq G H^{R) there is a unique solution u G 

C([0, T]; which satisfies the following energy estimate: 

(1.9) +J‘\\f(T,-)r,ddj vielo.T], 

for some Cg > 0, with || • |/ = || ■ H/^o- 

Remark 1.2. Condition fll.61) with j = p — 1, (3 = 0, i.e. 

I Imap_i(t,x)| < Cap{t){x)~^, 
is strictly consistent with the necessary condition 

3M, iV > 0 : sup min f Im a;+ pa„(r) 6 *)(i 6 * < Mlog(l + p) + iV, Vp > 0 

xeR 0<r<t<T 

for H°° well-posedness of the Cauchy problem associated to equation fll.4l) . proved in [ABZ3j . 

As far as we know, semi-linear equations Pu{D)u = / of the form 01 . 21 ) . or of higher order, 
have been considered in the case of complex valued coefficients with imaginary part not de¬ 
pending on X (see, for instance, ra), or in the hyperbolic case (see, for instance, [XI ICNT] !. 
Recently, we considered in [ABZ2j semi-linear 3-evolution equations of the hrst order and in 
[AB3] a 2-evolution equation of order 2 that generalizes the Boussinesq equation. We gave 
sufficient decay conditions on the coefficients for H°° well-posedness of the Cauchy problem 
(see the comments after Theorem II.3p . 

Here we consider the general case {p > 2) of non-linear p-evolution equations of the hrst 
order, proving the following: 


Theorem 1.3. Let us assume that there exist constants Cp > 0 and C > 0 and a function 
7 : C —)■ M"*" of class such that the coefficients of the semi-linear equation fll.2D satisfy for 
all it,x,w) G [0,T] X M X C.- 


(1.10) ap{t) > Cp, 

( 1 . 11 ) 


( 1 . 12 ) 

(1.13) 

(1.14) 

(1.15) 

(1.16) 


lm{D^aj){t,x,‘m)\ <0 

(x) P -1 


< 


<J-1, 3<J<P-1, 


Re{D^aj){t,x,w)\ < C' 7 (m;) 0 < /3 < j - 1, 3 < j < p - 1, 


C-ylm) 

{DlD^aj){t,x,w)\ < - ,_,(7+ffl/2i > 7 >l,/?> 0 , 

(x) p-i 

Rea2{t,x,w)\ < C'j{w), 

C'y{w) 


7 + /?' 


<J-1, 3<j<p-l, 


Ima 2 (t, x,w)\ < 


A 

(x)p-i 


Imai(t, X, ta)| -|- I \mDxa 2 it, x,w)\ + \Dy,a 2 {t, x,w)\ < 


C'j{w) 

(x)^ 


Then the Cauchy problem fll.ip is locally in time well-posed in TT^: for all f G (^([O, T]; 

and Uq G H°°(M.), there exists 0 < T* < T and a unique solution u G C([0, T*]; Tr°°(M)) of 
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Semilinear p-evolution equations in Sobolev spaces 


Notice that conditions (I1.10j) - (ll.l6p correspond exactly to (ll.dh - fll.Sh for linear equations. In 
|ABZ2] we had to strengthen the leading condition fll.lip for/9 = 0, j=p—l,p = 3, requiring 
a decay of order 1 + e instead of order 1 on the sub-leading coefficient: 

C'^iw) 

\ \m.a2[t,x,w)\ < , e > 0 . 

\x) ^ 

Also in |AB3] such a faster decay is required. This is because, both in |ABZ2j and |AB3] . we 
used a hxed point argument to show the existence of a solution to the semi-linear equation. 
To avoid such a stronger condition, here we make use of the Nash-Moser theorem. Inspired by 
m (sG 6 clIso ICIMT] )^ tliG id-CR is to linoRrizG tliG OQURtion, fixing u G ([7QO, cinci 

solving the linear Cauchy problem in the unknown u(t, x) 

^ f Pu{D)v{t, x) = /(t, x), (t, x) e [0, T] X M 

b(0, x) = Mo(x), x G M, 

and then apply the Nash-Moser theorem. 

The paper is organized as follows. In Section [2] we briefly retrace the proof of Theorem 11.11 
for the linear problem fl 1.171) taking care of the dependence on u of the constants in the energy 
estimate fll.9p . Then, in Sectional we prove Theorem 1 1.3 1 SectionlUis devoted to generalizations 
of the main result to the cases Op = ap{t,x) and/or x G M"". Finally, in Appendix lAI we collect 
the main notions about tame spaces and the Nash-Moser Theorem lA.lll according to |DA] . 
0 ; in Appendix |B] we recall the main tools used to write an energy estimate for the solution 

V of the linear Cauchy problem fll.171) . i.e. Sharp-Garding theorem (with remainder in explicit 
form, see |KG1 Ch. 3, Thm. 4.2]) and Fefferman-Phong inequality, |FP] . 

2. The linearized problem 

In this section we consider, for a hxed function u G (^([O, Tj; i7°°(M)), the linear Cauchy 
problem fll.l7p in the unknown v. By Theorem 11.11 we know that this Cauchy problem is 
well-posed with loss of derivatives in Sobolev spaces, and the solution v satishes the energy 
estimate fll.Op . with a positive constant Cg = Cs{u). The aim of this section is to retrace as 
briehy as possible the proof of Theorem 11.11 taking care of the dependence of the operator 
Pu{D) on M, to compute precisely Cs{u)\ this will be needed in the proof of Theorem 11.31 The 
computation of CAu) clarihes that to write an energy estimate of the form fll.91) it is enough 
tohxM G C'([0,T];i74p-3(M)). 

The present section is devoted to prove the following: 

Theorem 2.1. Under the assumptions of Theorem \1.3\. there exists a > 0 such that for every 
u G C([0, Tj; / G C([0, Tj; i7^(M)) and Uq G there exists a unique solution 

V G C([0, Tj; of the Cauchy problem fll.171) and the following energy estimate is 

satisfied: 

(2.1) (||'“oIIS + /'||/(l-)II 2*) Vi€ [O.T], 

for some > 0. 

The proof of Theorem 12.11 is based on the energy method, after an appropriate change of 
variable of the form 

( 2 . 2 ) v{t,x) = e^^^’^^w{t,x), 

and makes use of the sharp-Garding Theorem and the Fefferman-Phong inequality, see Appen¬ 
dix [B 
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The operator A is suitably constructed as a real valued, invertible on operator with symbol 
G S^, 5 > 0. The change of variable fl2.2l) transforms the Cauchy problem fll.lTp into the 
equivalent problem 


(2.3) 


PA{t, X, u{t, x), Dt, D^)w{t, x) = /A(t, x) {t, x) e [0, T] X M 
tc(0,a:) = uo,a(x) a: G M 


for 

:= /a := Mo,a := 

We are so reduced to show the well-posedness of fl2.3p in Sobolev spaces, which is equivalent, 
since has order 5 > 0 , to the desired well-posedness with loss of a = 25 derivatives for the 
Cauchy problem fll.l7p . 

The operator A(a;, D^) is a pseudo-differential operator having symbol 


(2.4) 


A(i, 0 := Ap_i(i, 0 + Ap_ 2 (i, {) + ... + Ai(i, 0 , 


with 

( 2 . 5 ) Xp_k{x,0 ■= Mp-kUJ dy{0h’'^\ I < k < p - 1, 

where (^)a := ^/hX~+~^ for h > 1 , (?/) := {y)i, Mp_k > 0 will be chosen large enough throughout 
the proof, cj is a C°°(M) function such that u){y) = 0 for \y\ < 1 and u){y) = \y\^~^/y^~^ for 
\y\ > 2, -0 G C'^(M) is such that 0 < ^^{y) < 1 for all y G M, '0(^) = 1 for \y\ < |, and 0(|/) = 0 
for \y\ > 1 . 

In the following Lemma we list the main properties of the symbols Xk{x,^) and A(a;,.^), 
referring to [ABZlj for all proofs. 

Lemma 2.2. Let xe be the characteristic function of the set E = {{y) < We 

have that 


|Ap_i(a;,OI < Mp_ilog2-FMp_i(p- 1) log(0h, 

|Ap_fc(x,OI < Mp_fc^^(x)H(^)-*^+iyg(a;), 2 < fc < p - 1 ; 

moreover, for every a ^ 0, (3^0, there exist Ca,js > 0 such that: 

\d^Xp-k{x,0\ < Co,0{x)^~^ iOh^^^XEix), l<k<p-l, 

|a^“Ap_i(a:,OI < C'a,oMp_i(O0"(l + log(0hA{|?|<2A}), 

( 2 . 6 ) \d^Xp-k{x,f)\<Ca,oMp_k{x)^{Oh°'~’'^^XE{x), 2 < k < p - 1, 

\d^d^Xp_k{x,0\ < Ca,y{x)^~^ {Oh'"~^^^XE{x), l<k<p-l. 

Again, there exist positive constants C, 6 independent on h and, for every a G Mq := N U {0} 
and /S G M, positive constants 6a,g, independent on h, such that: 

(2.7) \A{x,f)\<C + 5\og{f)h, 

( 2 . 8 ) \diD!;Mx,o\<K0{O;r 

By (12.7p and (12.Sp . it can be easily shown that the operator with symbol G 

is invertible for h large enough, say h > Lq, with inverse 

(2.9) (e"^)-^ = e-^(/ + P) 
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Semilinear p-evolution equations in Sobolev spaces 


where / is the identity operator and R is the operator dehned by means of the convergent 
Neumann series R = with principal symbol 

r_i(a:,0 = G S~\ 

Moreover, for h > ho we have 

( 2 . 10 ) VaeMo, 

( 2 . 11 ) V/3 e No- 

Finally, denoting iP = dt + A(t, x, u(t, x), D^), with 


we have that 

( 2 . 12 ) 

with 


p-i 

A{t, X, u{t, x),^) = iap{t)^^ + iaj{t, x, u{t, x))^^ , 

3=0 


iP^ = dt + 


(2.13) (e^(^’^"))-i/l(f, X, u, x, u, 

p—2 p—l—m 

+ V— V 

ml 

m=0 n=l 

+ Ao{t,x,D^), 


where 24 o(t,x,.^) G and A"'’'^{t,x,u,^) = d^r^{x,^)D^{A{t,x,u,^)) G (see |ABZ1( 

Lemma 2.6]). The lower order terms in (I2.13p have the same structure as the principal term, 
so the structure of the operator (e^)“^24e^ is the same as that of e~^Ae^. 

In the proof of Theorem 12.11 the following Lemma will be crucial: 


Lemma 2.3. Under the assumptions fll.lll) . fll.l2p . fll.ldp there exists a positive constant C 
such that for every fixed u G (^([O, Tj; LT^P“^(M)) the coefficients aj{t,x,u{t,x)) of the operator 
Pu{D) satisfy \/{t,x) G [0,T] x M.- 

(2.14) I ReDf(aj(f,x,M(f,x)))| < C"7 (m)(1 + ||m||^+^), l</3<i-l, 3<j<p-l 

<J-l,3<j<p-l. 


Proof. Let us compute for 3 < j < p — 1 and fi > 1 the derivative 


(2.15) I Imi:)f(aj(t,x,M(t,x)))| < ^ (1 


j-[/3/21 
If) P-1 


+ \\u 


ll+/3h 


/9>1, 


D^{aj{t,x,u)) = {D^aj){t,x,u) + 


^0 Y1 (^g,r9UD^^aj)it,x,u){Dl}u)---{Dlfu) 

^ i +/ 32=/3 n+...+rq=y2 

02>l ri>l 


for some cy, Cq^r > 0. 

From conditions fll.l2p and fll.l3p . using the relationship between geometric and arithmetic 
mean value and Sobolev’s inequality (see iKni Ch. 3, Lemma 2.5]) for the fixed function 
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u{t) G we immediately get that for every 3<j<p — 1, I3>1 and n > 1 

\Re D^(aj{t, x,u)) \ < \ Re{D^aj){t, x,u)\ 

+ Y1 Cq,r\idlD^^aj){t,x,u)\-\Dl^u\---\Dl'>u\ 


/3 i +/32=/3 ri+...+rq=l32 

02>l ri>l 


( 


< C'^{u) 


< C'^{u) 


< C'^{u) 


\ 


01+02=0 ri+...+rq =02 

\ 02>l ri>l 

/ 


01+02=0 ri+...+rq =02 

\ 02>l ri>l 

/ 


/ 


\DRu\ + --- + \DI^u'^'^ 


\ 


^ ^0 Cq,r\\Al+02 


01+02=0 ri + ...+rq=02 

\ 02>1 r - i>l 


/ 


(2.16) 


<C"7 (m )(1 + ||M||f+^); 


taking n = 1 we get fl2.14p . On the other hand, from fll.lip and fll.ldp we have, with similar 
compntations, that for every /3 > 1 snch that [/S/2] < j — 1, 3 < j < p — 1 and n > 1 

|Im(Zlf(aj(t,x,M))| < I Im((Zlfaj)(t,x,M))| 

+ Y1 Cq,r\{dlD^^aj){t,x,u)\-\Dl^u\---\Dl0u\ 


01+02=0 ri + ...+rq=02 
02>1 ri>l 


( 


C^{u) 

— J-[|3/21 

\x) P-1 


< 


\ 


1+ E <=/> E c„|r>>|... |C>| 


01+02=0 ri+...+rq=02 

\ 02>l ri>l 


J 


(2.17) 




{x) P-1 


taking n = 1 we have fl2.15p . 


□ 


Proof of Theorem \2.1[ We divide the proof of Theorem 12.11 into the following steps: 

Step 1. Compute the symbol of the operator e~^Ae^ and show that its terms of order p — k, 
1 < k < p — 1, denoted by satisfy 


(2.18) 


Re(e (f,i,!i,J) <C(M,_,. m,_+u)(x) 


p — k 

P-1 


(0 


p—k 

h 


for a positive constant 


C(Mp_i,..,Mp_fc)(M) - CMp_i,..,Mp_fc(l -h7(w))(l + ||w|lt+(\_l)) 

depending on u, Mp_i,..., Mp_k and not on Mp_k_i ,..., Mi. This allows the constants 
Mp_i,..., Ml to be chosen recursively, since at each step (say “step p — fc”) we have 
something which depends only on the already chosen Mp_i,..., Mp^k+i and on the new 





























Semilinear p-evolution equations in Sobolev spaces 


Mp-k that is going to be chosen, and not on the constants Mp^k-i, • • •, Mi which will 
be chosen in the next steps. 

Step 2. We choose Mp_i > 0 snch that 

Re(e“^^e^)Lrd(p-i) + ^H^O 

for some positive constant C{u) > 0 depending on u, and apply the sharp-Garding 
Theorem IB. II to +C{u) to get 

p-i 

a{e ^Ae^) = iap^^ + Qp-i + ^ (e |oi.d(p-fc) + 

k=2 


where Qp-i is a positive operator of order p — 1, /Iq G S'° and Rp-i{t,x,u, is 
a remainder of order p — 2, consisting in the snm of terms satisfying fl2.18l) with a 
new constant which is similar to G(Mp_i,...,Mp_i,)(w) bnt depends on a higher nnmber of 
derivatives of the fixed fnnction u. 

Step 3. To iterate this process, finding positive constants Mp_ 2 ,..., Mi snch that 

Re(e-W)|^^^(^_^) + G(n)>0 


for some C{u) > 0 depending on u, we need to investigate the action of the sharp- 
Garding Theorem IB. II to each term of the form 


(e-Me^)| 


ord{p—k) 


+ 'S'b-A 


where Sp^k denotes terms of order p—k coming from remainders of previous applications 
of the sharp-Garding Theorem, for p — k > 3. 

We show at this step that remainders are sums of terms with “the right decay at the 
right level”, in the sense that they satisfy 02.181) with a new constant which is similar to 
but depends on a higher number of derivatives of the fixed function 
u. Then we apply the sharp-Garding Theorem to terms of order p — k, up to order 
p — k = 3. 


Step 4. In this step we apply the Fefferman-Phong inequality OB.SP to terms of order p — k = 2 
and the sharp-Garding inequality 0B.4p to terms of order p — k = 1, finally obtaining 


that 


p 

a{e~^Ae^) = iapi^ + ^ Qp_s 

S=1 


with 


Re{Qp_stc, ta) > 0 'iwit, ■) G s = 1,... ,p — 3 

Re((5p_stc, tc) > —G(M)||t<;||o •) G s = p — 2,p—l 

Qo G 

where C{u) is a positive constant which depends on 7 (m) and on a finite number of 
derivatives of the fixed function u. 

Step 5. We finally look at the full operator in 02.131) and prove that e satisfies the 

same estimates 02.18P as e~^Ae^, with suitable constants still depending on 7 and on a 
finite number of derivatives of u. Thus, the results of Step 4 hold for the full operator 
[e^)~^Ae^ and not only for e~^Ae^, i.e. there exists a constant C{u) > 0, still depending 
on a (higher) finite number of derivatives of u, such that 

Re((e^)“^74e''^t(;,tc) > —C{u)\\w\\l yw{t,-) G H^~^. 
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From this, the thesis follows by the energy method. 

These steps have already been followed in the proof of Theorem 11.11 in |ABZ1] . Here we 
briefly retrace the proof of the five steps, outlining what is new with respect to |ABZlj and 
referring to it for all the other computations. 

Step 1. By developing asymptotically the symbols of the products of pseudo-differential oper¬ 
ators, we have, as in |ABZlj . that: 


p-i p 

<T(e-'Ae-') 

m=0 j=m+l 

p—2 p j—m—1 a 

m=0 j=m+2 a=l /3=0 

(2.19) =: Aj + Aji + Aq, 


1 ! 3 


a 

a\ \m) \(3 




for some Aq G 5°; the difference is that here aj = aj{t,x,u{t,x)) depend on x both in the 
second and in the third variable, so in An we have to make use of Lemma [2.31 to estimate 


Re{iD^aj) = lm{D^aj) and \iD^aj\, l3 0. 

In |ABZlj we have shown that the terms in Ajj with m + a — (3 > 1 satisfy, for some c > 0, 

( 2 . 20 ) 


oi +...+ Op _ l=a 
71+ .. .+7p_ 1 =m+Q:-/3 
ri+...+rqi^=ak;ri,ak>l 
si+...+Sp^,=7j,/; Si,7j,/>1 


n 


k,k'=l 




huln 

(x) 

^^^0!k+qk{k-l) 


• K-V 






In fl 2 . 20 p the term —d^A{iap^P)D^A = —r_i{x,^){iap^P) appears. This term will cancel, in 
Step 5, with r-i{x,^){iap^^), coming from A^’^ of fl2.13p : thus we shall omit this term in the 
following. 

Each other term of fl2.20l) has order 


p—1 

j — m — a — ''^^qk{k — 1 ) — ''^^Pk'{k' — 1 ) < min{p — k — l,p — k' — 1} 

k=l k'=l 


and, in view of fl2.14p . decay in x of the form 

/ \- ~ - m—a+p ^ / \- z - ^ - 

{x} P-1 ^ < {x) P-1 

since —{p — l){m + a — (3) < —j + m + a for m + a — (3 > 1. Thus, whenever Mp_k or Mp_ki 
appear in (12.201) . then the order is at most p — k — 1 and p — k' — 1 respectively. 

On the other hand, for m + a — f3 = 0, from |ABZ1] we have that 

I Re[(<9|‘e-^)(iZlfaj)eV'-”']| 

( 2 , 21 ) < c|Re(iDfa,)i E H E 

oi+...-|-Op_l k=l ri+...+rqj^=ak 
=a ri,a^:>l 


for some c > 0 . 




























10 


Semilinear p-evolution equations in Sobolev spaces 


Inserting (I2.15j) in (I2.2ip . and reminding that D^ap{t) = 0 for ^ 0, we see that each term 
of (12.211) is a symbol of order 


p-i 

(2.22) j — m — a — ^ qk{k — 1) < p — k — 1 

k=l 


with decay in x of the form 

(x) ^ < (x) ^ 

since [/3/2] < 13 < a + m; hence Mp_k appears in fl2.2ip only when the order is at most p — k — 1. 
Moreover, the terms of order p — k of An, denoted by all have the ’’right decay 

for the right level” in the sense that they satisfy (12.181) . To compute the positive constant 
we notice that for every l<k<p — 1 we have that contains 

derivatives of the hxed function u. Let us compute the maximum number of derivatives of 
u in ^//lord(p-fc)- general term , with (3 < a, is at level 

j —m —a because of (I2.10p and hence at a hxed level j —m —a = p — k the maximum number 
of /3-derivatives on u appears when a > 1 is maximum and hence m = 0 and j maximum, i.e. 
i = p — 1 (j = p is not considered because D^apit) = 0 ); in this case p—k = j—m — a = p—l — a 
and the maximum number of /3-derivatives on u at level p — A; is given hy (3 = a = k — \. On the 
other hand, the minimum number of derivatives on u at level p — A; is zero (think, for instance, 
at terms of the form D^aj) and there are also terms which do not depend neither on 7 neither 
on u (think at D^ap{t)). Summing up, formulas (12.141) . (I2.15p . (12.201) . and (I2.2ip give that 

Ck{l + 7(^))(1 + ||'»lli+(\_i)) p_k 

p-k h 

{x) p-i 

for some Ck > 0, and moreover. Re ^//lord(p-fc) depends only on Mp_i,..., Mp_k+i and not on 

Mp-k, • • •, Ml. 

As it concerns Aj, following [ABZl] it is straightforward, by means of Lemma [2.21 to show 
that it can be written as 


(2.23) 


Re A 


lord(p—fc) 


p -1 


(2.24) 

where 


Aj — Ap_fc) + Bq, 


k=l 


Al_f. := iap_ki^ ^ + ipapD^\p_ki^ ^ e 


—k 


is the sum of a term iap_k(t,x,u)^^ ^ depending on u and a term ipap{t)DxXp-k{x,^)^'P ^ not 
depending on u, while A^_j^ G S'p~^ depends on the coefficients aj(t,x,u) (but not on their 
derivatives) and on the symbols Ap_i, Ap_2,. .. , Ap_i_(fc_2) (cf. |ABZ1] ). Bq G 5 °, and from 
(II.lip . (I1.12P with P = 0 and (ll.lSp . (I1.16P we get that 

(2,25) I Re2lZd(A.«)l + \Al_,(t,x,u)\ < + ' 

(x) P-i 

possibly enlarging the constant Ck of (12.231) . 1 < A; < p — 1; moreover, depends only on 
Mp_k and Ap_i. depends only on Mp_i, ..., Mp_k+i. Step 1 is so completed. 

Step 2. We now look at the real part of the terms Ap_k of order p — A; in (I2.19P : 

^^lord(p—fc) ^^^lord(p—fc) 

k = l,...,p- 1 . 


zip —k • -A-1 


(2.26) 


— ^^p-k + 24p_fc + A 


lord(p—k) 1 
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From the definition (12.51) of \p-k, conditions (ll.lOj) and (ll.llj) with (3 = 0, estimates (I2.23p 
and fl2.25p . for |^| > 2h we have: 


ReAp_k = Re{ipapD,^Xp_k^P ^ + iap-kC + Re(Aj_fc) + Re( 

= pape~^Mp_J-^^{x)-^^^|J - Imap_fc • 

+ Re(Ap_fc) + Re( 


> 



p-i 


pCp 


Mp-k 

p — k 

(x)^ 


(orv 


C-f{u) 

p — k 

(x)^ 




C'jju) 

, , PzA 
(x) p-i 


(e)r^(i - 


—Cfc(l + 1 + + 7(11)) 


Ml! 

p — k 

(x)^ 


(2.27) 


> i() 


(x) 


(0 


p-i 



p-i 

pCp]V[p—k 


u\ 


\k-l 


l+(fc-l) 


)) (1 +7(w)) 


—Ck{l + 7(-u))(l + 


Ml! 

p — k 

(x)^ 


for some Ck > 0 since |^| > -^{Oh and ^/(x) is bounded on the support of (1 — i/j). Notice 

that the constants Ck, Ck depend only on Mp_i,..., Mp_fc_|_i and not on Mp_k, and that with a 
new constant C(, > 0 we can write 


(2,28) pCpAV^-Cai + ||«||777(l+7(«)) 


—Ck{l + 7('u))(l + 

In particular, for /c = 1, 


(0 


p—k 

h 


p — k 

{x)~ 


Rez4p_i > '0 


( jx) 

\{0V 




2C[{1 + 7 (m)) 


mi: 

(x) 


2C'i(l + 7 (m)), 


and we can choose Mp_i > 0 sufficiently large, i.e. 


so that 


Mp-i 


Mp_i{u) > 


C[{l + l{u)) 

2P-Vv^"Vc'p 


Re24p_i(t, x,u,^) > —2Ci{l + j(u)) V(t,x, G [0,T] x M^. 

Applying the sharp-Garding Theorem IB.II to Ap_i + 2Gi(l + 7 (m)) we can thus find pseudo¬ 
differential operators Qp_i(f, x, u, D^) and i?p_i(f, x, u, D^) with symbols Qp^iit, x,u,^) G 5'^“^ 
and Rp_i{t,x,u,^) G such that 

(2.29) Ap_i{t,x,u,D,„) = Qp_i{t,x,u,D,„) + Rp_i{t,x,u,Da;) - 2Ci{l +'y{u)) 

where 


Re{Qp-i{t,x,u, Dx)w{t,x),w{t,x)) >0 V(t,x) G [0,T] x M, \/w{t,-) E ^(®)) 
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Semilinear p-evolution equations in Sobolev spaces 


and Rp-i has the asymptotic development given in (]B.2jl for Ap_i. From (12.191) . (12.241) . (I2.26p 
and fl2.29p we get: 


p-i 


a{e ^Ae^) — iap^^ + Ap_i + Ap_k + A'q 

k=2 

p-i 

(2-30) = tttp^P + Qp_i + ^(^rlord(p-fc) + ^Il\ovd(p-k) + -^P-llord(p-fc)) + 


k=2 


for some A'q^A'q G S'°, where -Rp-ilord(p-A;) denotes the terms of order p — k oi for 2 < 

k < p. To complete step 2, we need to check that the terms -Rp-ilord(p-fc) satisfy (12.18p with a 
new constant C(Mp_i,...,M |ABZ1] it has already been proved, using Lemma Y2A2\ and 

conditions (11.51) . (II. 6 p instead of (II.lip . (I1.12p . (ll.lSp . that the terms of -Rp-ilord(p-fc) have 
the right decay for the right level p — k] here we only need to hnd by means of Lemma [2.31 the 
precise constant (note that the constant depends only on Mp_i since Rp-i depends 

only on Ap_i). The term Ap_i does not contain derivatives of u, since in order that a term of 
type of (12.191) is at level j—m — a=p—1 with a > 1 we 

must have j = p. Therefore, looking at the asymptotic development of Rp-i given by Remark 
IB.21 with m = p — 1 and i = k — 1, the maximum number of derivatives on u in -Rp-ilord(p-fc) 
appears in (IB.3D when a = 0 and = 2i + 1 = 2k — 1. 

By Lemma [2.31 we come so to the estimate 


(2.31) 


1 (^5 ^5 ^5 0 |ord(p—fc) I ^ 


Ck{^ + 7('u))(l + 

p — k 

(x)^ 


II l+(2fc—1)/ ^^•^p—k 


possibly enlarging the constant Ct of (I2.23p . (12.251) . Step 2 is completed. 

Step 3. In order to reapply sharp-Garding Theorem IB. II we now have to investigate the action 
of that theorem to each term of the form + 5'p_fc, where Sp^k denotes 

terms of order p — k coming from remainders of previous applications of the sharp-Garding 
Theorem, for p — k > 3. In |ABZ1] we have computed and estimated the generic remainder 


^i^l\ord{p-k)) + -^("^^^lord(p-fc)) + RiSp_k) 

under the assumptions of Theorem 11.11 showing that it is sum of terms of order p — j, k + 
1 < J < P, each one of them with the right decay {p — j)/{p — 1 ) and the right constants 
Mp-i ,..., Mp_fc+i for the right level p — j. Here, we can argue with the same (quite long and 
technical) computations and make use of Lemma 12.31 instead of assumptions (II.5p and (II. 6 p to 
get that this generic remainder consists in a sum of terms of order p — j, k + 1 < j < p, each 
one of them satisfying (12.181) . It only remains to compute precisely the corresponding constant 

To this aim, we need to better understand the dependence of Sp^k on u; let us hrst focus on 
the second application of the sharp-Garding Theorem IB. 11 From (I2.30p with Rp-i = R{Ap_i) 
we have 


a 


p-i 

(e ^Ae^) = ittp^^ + Qp-i + Ap _2 + -|- '^^i.Ap-k + i?(Ap_i) 

k=3 


ord{p—k) 


-k\) + 


Since from (I2.3ip -R(Ap-i) has the same structure as Ap_ 2 , depends on the same 

constant, and bears 2fc — 1 = 3 derivatives of u (much more than Ap_ 2 , see (I2.23P and (I2.25P '). 
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we can follow the computations in (I2.27jl to get, instead of (12.281) . 
Re (^Ap _2 + R{\-i)Ld(p- 2 )) > 


> '0 


(x) 




■^^pCpMp_2 -C'2 (1 + IIMII4) (1 + 7 (m)) 


(0 


p -2 


P-2 

(x)p-i 


—( 72(1 + 7(m))(1 + IIMII 4 ) 

for some (72,^2 > 0. 

We can so choose Mp _2 > 0 sufficiently large, i.e. 


Aip-2 > 


^* 2(1 + Il'^ll4)(l + 7('*^)) 


2 ^- 775 ^ V 7 


so that 


Re {Ap _2 + R(Rp-i)|„^d(p_ 2 )) > -(72(1 + 7(m))(1 + I 7 II 4 ), V(t,x,0 e [0,T] x 

and we can apply the sharp-Garding Theorem IB. II to 

Ap_2 + + ^ 2(1 + 7('(^))(1 + II'^^IID 

obtaining that there exist pseudo-differential operators Qp -2 and i?p_ 2 , with symbols in S'p~‘^ 
and respectively, such that 

Re(7p_2tc, tc) > 0 'iw(t, •) G 

Ap-2 + = Qp-2 + Rp-2 - C 2 Q- + 7(“))(1 + I|■*^ll4)) 

with 


Rp-2 - R{Ap-2 -h R{Ap-i)\^^^^^_^^) - R{Ap-2) + R{R{Ap-i)\^^^^^_^^), 

so that with the notation R^{Ap_i) = R{R{Ap_i)) 

a{e~^Ae^) = iap^^ + Qp-i + Qp -2 

+Ap-3 + + R(7lp_2)|^^^(p_3) + R77lp-l)|„,d(p_3) 

p-i 

+ Y1 + ^(^P-l)lord(p-fc) + ^(7lp-2)ord(p-fc) + R^^lp-l) |„,d(p-fc)) + ^0’ 

fc=4 

At the second application of sharp-Garding Theorem IB. II the term R‘^{Ap_i) appears at (max¬ 
imum) level p — 3. By fl2.3ip we know that -R(Ap_i) contains 2/c — 1 = 3 derivatives 

on u; so, its remainder, given by flB.211 . has the structure of Remark lB.21 and by flB.3D with 
m = p — 2 and i = k — 2 we see that the maximum number of derivatives with respect to u in 
R{R{A-i)\„,d(^p_ 2 ))\ord{p-k) appears when /I = 2£-M = 2/c-3 and is given by 3 + {2k-3) = 2k. 

Analogously, by formula flB.2D and Remark IB.21 we have that R{Ap_ 2 ) consists of terms 
R(Ap_ 2 ) with 3 < k < p; formula flB.3p with m = p — 2 and i = k — 2, together with 

fl2.23p and 02.251) . give that i?(Ap_ 2 ) contains at most 1 -|- {2k — 3) = 2k — 2 derivatives 

on u. 
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Semilinear p-evolution equations in Sobolev spaces 


Summing up, the maximum number of derivatives of u appears in and we get: 

lord(p_fc) '^(^P-2)ord(p-fc) +-^ (^p-l) lord(p-fc)) — 

+ 7(^))(1 + ll^lll+ 2 fc) ic\P-k 


(2.32) 


< 


p — K 

{x)^ 


ior. 3<k<p. 


Now, let us come back to the general case. 

At the j — th application of sharp-Garding Theorem we hnd, at level p — j, the terms 


A 




l<s<_7—/c 


These terms depend on u and its derivatives; reminding that 

Ap—j A/|ord(p—j) T A//|ord(p—j) ^ T ^POjpDx^p—j^^ T Ap_f^ T A// 

see also fl2.23l) and fl2.25p . we see that the maximum number of derivatives of u is in the term 
i?-^“^(Ap_i)|ord(p-j), he. in the principal part of R^~^{Ap_i). To compute this number, we work 
by induction. For j = 2, by fl2.3ip with k = 2 we know that i?-^“^(Ap_i)|ord(p-j) contains 
2fc — 1 = 3 derivatives of u; for j = 3, by fl2.32p with k = 3 we know that R^~^{Ap_i)\ord{p-j) 
contains 2k = Q derivatives of u; let us now suppose that for all 2 < s < j — 1 we have that 
i?^“^(Ap_i)|ord(p-s) contains 3(s —1) derivatives of u, and prove that i?-’“^(Ap_i)|ord(p-i) contains 
3{j — 1) derivatives of u. Arguing as for R{Ap_i) and R‘^{Ap_i) we obtain that the remainder 
R^~^{Ap_i) = R{R^~‘^{Ap_i)) is the sharp-Garding remainder of the operator R^~‘^{Ap_i) with 
symbol of order p — 1 — (j — 2 ) = p — j -|- 1 ; the principal part of R{R^~‘^{Ap_i)) consists so in a 
term of order p — j, depending on u and its derivatives, and given by flB.3p with m = p — j + 1 
and i = 1. The maximum number of derivatives on u appears so when a = 0 and /3 = 3 in 
(1B.3P and is given, by the inductive hypothesis, by 3(j — 2) -|- 3 = 3(j — 1). 

It follows that 


C'i(l + 7(w))(l + l|w||?+3(i-i)) 


\R^ (^p—l) |ord(p—j) "W) 0 I — 


{x)p- 


V-3 
1 


(0. 


p-J 


Thus, at each level p — j, 2 < j < p, we have 


^P-J ^//|ord(p-j) + ^ ^ R (^: 


p-kj \p-j 


l<s<j—A: 


, ‘2 < j <p. 


, ^ + 7(m))( 1 + ||M|l53(i-i)) ,^.p-j 

(t,X,M,0 < - —j -^- -{0 


{x)p- 


P~J 
1 


h ’ 


with Cj depending on Mp_i,..., and not on Mp^j, ..., Mi. 

Thanks to the estimates given here above, we can apply again and again the sharp-Garding 
Theorem IB. II to hnd pseudo-differential operators Qp-i, Qp- 2 , • • •, Qa of order p — 1 , p — 2 ,..., 3 
respectively and all positive dehnite, such that 

a{e ^Ae^) = ittp^^ + Qp-i + Qp -2 + ... + Qs + (A 2 -l- S 2 ) + (Ai -|- Si) + (Aq -I- So), 

with Sj, j = 0 , 1 , 2 coming from remainders of the sharp-Garding theorem, and such that 

(2.33) \{Aj + Sj){t,x,u,0\ < Cp-j ■ (l + 7(w))(l + l|w|l?+3'jyyi))(a;)"^(0i, J = 0 , 1 , 2 , 

with Cp_j > 0 depending on Mp_i, ..., Mj^i and not on Mj, ..., Mi. 
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Step 4. Let us split the term of order 2 into Re(y 42 + S 2 ) + i\m{A 2 + 5 ' 2 ); by (I2.28p and the 
discussion of step 3 we have that 


Re(R2 + S2)>ip 


(x) 


iO 


p-i 






-C'p_2(l + ||m|Ii+3(pL3))(1 + 

for some C"_ 2 , Cp -2 > 0 and we can choose M 2 large enough so that 

Re(R2 + *S'2) > -C'p_2(l + 7('w))(l + ll'w||?+3(pL3))- 

Then, the Fefferman-Phong inequality flB.Sp applied to 

A2{t,x,u{t,x),'-i{u{t,x)),D^) := Re(R2 + -S' 2 ) + C'p-2(1 +7(w))(l + ||w|lij3"^f_3)) 

gives 

Re{(Re(7l2 + -52))w,w) > -c(m)(1 + 7(m))( 1 + ||M||?+3"(pL3))|kllo 

without any remainder, for a new constant c{u) > 0 depending on the derivatives d'^d^ of the 
symbol of A 2 with |a| + 1 / 3 | < 7, by Remark lB.51 Being the function 7 of class by assumption 
we can then find a constant > 0 , depending only on 7, such that 

Re((Re(Aj + S2))m,m> > -C,(l + ||«||;«<7“>7)||m||S 
(2.34) = -C,(1+||«||5;;)||»||^. 

On the other hand, we split ilm{A 2 + S 2 ) into its hermitian and antihermitian part: 

i Im(R 2 + S 2 ) + {i Im(R 2 + ^ 2 ))* ^ i Ini(A 2 + S 2 ) — (f Im(y42 + S 2 ))* 


2 2 

and we have that w,w) = 0 , while i\m.{A 2 + S' 2 ) + {i\m{A 2 + S' 2 ))* 

can be put together with Ai + S'! since it has a real principal part of order 1 , does not depend 
on Ml, and has the “right decay” for level 1. Therefore we can choose Mi > 0 sufficiently large 
so that, by (EJSI), 

iIm(A 2 + S' 2 ) + (*Im(742 + S' 2 ))*^ ^ ^ ^ , ii„.i|3(p-2) 


Re I Ai + S'! + 


for some Cp-i > 0 and hence, by the sharp-Garding inequality 


^ —C'p_i(l + 7(-u))(l + ||n||3_^3(p_2)), 

we get 


T, // . „ ilm(742 + S' 2 ) + (nm(742 + S' 2 ))*x 

Re((7li + Ri+ -^^- —)w,w)> 


(2.35) 


2 


for a new constant Gf > 0 . 


7 


Summing up, throughout steps 1-4 we have obtained 

p -3 

cT(e ^Ae^) = + y ^ Qp-j T (^2 + S' 2 ) -l- {Ai Si) {Aq S Sq) 


i=i 


with 


Re{Qp_jW, w) > 0 yw{t, •) G 1 < j < P — 3 

Re((A2 -h S '2 S'i)m;,m;) > -G.^(l -h ||M||3p})||ti’|lo Vtc(t, •) G 

for a positive constant C^, because of fl2.34p and (12.351) . since 3p — 1 > 1 -|- 3(p — 2). 
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Semilinear p-evolution equations in Sobolev spaces 


Step 5. Now, we come back to (I2.13jl . and remark that A"’’”* is of the same kind of A with 
D^ttj instead of aj and instead of with 0 < m < p —2 and l<n<p — 1 —m. This 

implies that we have m more x-derivatives on Oj, bnt the level in ^ decreases of —n — m < —m, 
so we still have the right decay for the right level and the right dependence on the constants 
j k, at each level p — k. As far as the derivatives of the fixed function u are concerned, 
the maximum number of derivatives of u appears in the term d^r'^D'^{iaj{t,x,u)^^) G 
with j = p — 1, n = 1, m = p — 2, so that we argue as for a{e~^Ae^) and hnd that also 


^(g-A^n,mgA) = ^Q 


n,m 

p—s 


s=0 


with Qo’™ G and 

Re(Q->,tt,> > + \\ufC\ZA\Ml 

= -C”-”(l + ||'t.|||4)||«.||;S V«,((, ■) € i/”-*, l<s<p-l 

for some C"’"* > 0 . 

Summing up, we have proved that 

(2.36) tu) > —c.y(l + HwH^pIs)Iloilo Vtc(t, ■) G 

for some c > 0. From 02.121) and 02.361) it follows that every w G C([0, T]; HP) fl C^([0, T]; H^) 
satishes: 

^||tu||Q = 2 Re{dtW, w) = 2 Re{iPAW, w) — 2 Re((e''^)“^Ae^tc, w) 

< ||Faw||o + ll^t^llo ~ 2Re((e''')“^Ae'^M;,M;) 

< c(^(i + ||m||J: 3 )(II^aw||o + Ikllo) 

for some c'^ > 0. Applying Gronwall’s inequality, we deduce that for all w G C{[0,T]; H^) fl 
G^([0, T]; the estimate 


\w{t, ■) 


l^< 


gS 


(l+ll« 


'4p-3k I ||y;(0,.)||^+ / \\Pj^w{t,-) 


lldr 


Vt G [0,T] 


holds. Since {Dx)^Pa{Dx) * satishes, for every s G M, the same hypotheses as Pa, we immedi¬ 
ately get that for every s G M, tc G (^([O, T]] H^~^p) fl G^([0, T]] H^) we have 


(2.37) 


k(i,-)ll^<e^- 


y(l+ll“lllp-3)i 


k(0,-)lls+ / \\PAw{T,-)\\ldT) , yt e[0,T] 


for a positive constant 

The a priori estimate 02.371) implies, by standard arguments from the energy method, that 
for every wq.a ^ and /a G G([0,T],P®) the Cauchy problem 02.31) has a unique solution 
w G C([0,T];P®) satisfying 

(2.38) ||w(i, Oil" < ('iIuo.aIIS + j‘ II/a(t, 0ll"<ld Vi e [ 0 , T], 


Since G S'", for v = e^w we hnally have, from 02.38P with s — 5 instead of s: 
'^-25 < ci| 1 m;| 1^_5 < c2e^^A^+\\^\\Z-l)i |^||no,AllL5 + ^ 




— ^5,7^^ 
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for some Ci, C 2 , C'> 0, that is (12.Ih . This proves Theorem 12.li In particular, we have that for 
every / G C{[0,T]; H°°) and Uq E H°° there exists a solution v E C([0, T]; i7°°(M)) of fll.lTp 
which satisfies an energy estimate of the form fll.91) with constant 


C, = C,{u) = 


□ 


3. The semilinear problem 

In this section we consider the semilinear Cauchy problem fll.ip and give the proof of the 
main result of this paper, Theorem 11.31 

We set X := C^([0, T]; i7°°(M)) and consider the map 

T : X —^ X 
u I —> T{u) 

dehned by 

(3.1) T{u) := u{t, x) — Uo{x) + i / ap{s)D^u{s, x)ds 


p-i pt pt 

+i / aj{s, x,u{s, x))DIu{s, x)ds — i / f{s,x)ds. 

j=0 do Jo 

Remark 3.1. The existence of a local solution u E C'^([0,T*]; of the Cauchy problem 

fll.ll) is equivalent to the existence of a solution u E C^([0, T*]; of 

(3.2) T{u) = 0 zn[0,T*]xM. 

Indeed, ifT{u) = 0 then 

u{t,x) = Uq{x) — i / ap{s)D^u{s, x)ds 

Jo 

p-i pt 

(3.3) 

and hence u{0,x) = Uo(x) and 


p ^ pt pt 

i I aj{s,x,u{s,x))Dlu{s,x)ds + i j f{s,x)ds 


j=o 


>0 


p-i 

(3.4) Dtu(t, x) = —idtu(t, x) = —ap(t)D^u(t, x) — aj(t, x, u(t, x))Dlu(t, x) + f(t, x) 

j=0 

so thatu solves fll.ll) . Vice versa, ifu E C^([0, T*]; iJ°°(M)) is a solution of the Cauchy problem 
dni), then integrating (13.41) with respect to time we get fl3.3l) . i.e. T{u) = 0. 

We are so reduced to prove the existence of 0 < T* < T and of a unique solution u E 
C\[0,T*]] of (D- 

To this aim we shall use the Nash-Moser Theorem lA.Ill Note that X = C^([0, T]; il°°(M)), 
with the family of semi-norms 

= sup (||^(t, Olln + \\Dtg{t, OIU), n e No, 

[0,T] 


is a tame space, see Example lA.bl in Appendix lAl 

The map T is smooth tame, since it is a composition of linear and nonlinear operators and 
of integrations, which are all smooth tame by Remark lA.lOl and since it does not contain time 
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derivatives (this is important since dt does not operate from X to X, so it cannot be a tame 
map). 

In order to apply the Nash-Moser Theorem lA.lll denoting by DT{u)v the Frechet derivative 
of T at M in the direction v, we shall prove that the equation DT{u)v = h has a unique solution 
V := S'('U, h) for all u,h E X and that S : X x X —)■ X is smooth tame. This is going to be 
done in the following lemmas. 


Lemma 3.2. For every u,h E X, the equation DT{u)v = h admits a unique solution v E X, 
and the solution satisfies for every u G Mq the following estimate: 

(3.5) |l«((,-)IIJ < C„(t,) (^||A(0,.)||y, + £||A/!(T,.)||J+A) 6 |0,T], 

for any r > a, with Cn{u) := Cn+a,'^ exp {(l + ||u|| 4 p_ 3 )T} as in (12.ip . 

Proof. Let us compute by the definition (13.11) of the map T, the Frechet derivative of T, for 
u,v E X: 


^ r T{u + ev) -T{u) 

Dl[u)v= hm- 

£^0 £ 

= lim < u-|-z / ap{s)D^v{s)ds + i''^^ / 
'0 Jo 


aj{s, x,u + ev) — aj{s, x, u) 


Dlu{s)ds 


p-i nt 

L 

3=0 >^0 


= V + i a„(s 

Jo 


aj{s, x,u + ev)Dlv{s)ds 

p-i rt 

Z 

3=0 


P-1 rt 

)D^v{s)ds + i^^ 

3-n Jo 


aj{s, X, u)v{s)Diu{s)ds 


P-l rt 

aj{s, X, u)Dlv{s)ds 


,=0 -^0 


pt p ^ pt 

v + i ap{s)D^v{s)ds + i''^^ aj{s, x,u)Div{s)ds 


3=1 -"O 


P-l 


-|-z / (ao{s,x,u) + 'S^dii,aj{s,x,u)Di.u]v{s)ds 

Jo ^ ^ 

rt P-l rt 

= u — 0-|-z ap{s)D^v{s)ds + i''^^ / dj{s, x,u)Di.v{s)ds — 0 


3=0 


— ■ TQ^ufi{v), 


where 


dj{s, X, u) 


{ aj(s,x,zz), 

p-l 

aQ{s,x,u)+ 'Y^d.^ah{s,x,u)D’f.u, j=0 

h=0 
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and for every m, uq, f E X the map Tuq,uJ '■ —)■ X is defined by 


Tuo,ujv := v{t,x) - Uo{x) + i / ap{s)DPv{s,x)ds 


p-i pt pt 

+i / dj{s,x,u{s,x))Dlv{s,x)ds — i / f{s,x)ds. 

j =0 -^0 -^0 

As in Remark [SHI we notice that n is a solution of = 0 if and only if it is a solution 

of the linearized Cauchy problem 


Pu(B)v(t,x) = f(t,x) 
u(0,x) = Uo(x), 


where Pu{D) is obtained from Pu{D) substituting aj with dj. 

Therefore n is a solution of DT{u)v = h if and only if Tq^u,o{v) = h] writing 

To,ufl{v) -h = To^u,o(v) -ho-i / Dth{s, x)ds = Th^,u,Dth{v) 

Jo 


with ho '■= h{0,x), we have that n is a solution of DT{u)v = h if and only if it is a solution of 
Tho,u,Dth{v) = 0, i.e. it is a solution of the linearized Cauchy problem 


Pu{D)v{t,x) = Dth{t,x) 
n(0, x) = ho{x). 


We now want to apply Theorem 12.11 with Pu{D) instead of Pu{D). Note that conditions 
fll.10p - fll.16p are the same for Pu{D) and Pu{D), since there are no conditions for j = 0. 
Applying Theorem 12.11 we have that, for any u,h E X there is a unique solution v E X of fl3.6l) 
satisfying the energy estimate 

||w(t,-)||n < (^\\ho\\l+r + llAh(r,-)||^+A^ G [0,T], 

for any r > a, which is exactly (13.51) . This completes the proof of the Lemma. □ 


We can therefore define the map 

(3.7) S : X xX ^X 

{u,h) I— >v, 

where v is the unique solution of the Cauchy problem fl3.6l) . i.e. of DT{u)v = h, and satisfies 
the energy estimate fl3.5p . 

Lemma 3.3. The map S defined in fl3.7p is smooth tame. 


Proof. To prove that S is smooth tame, we work by induction. The proof is divided into 4 
steps. In steps 1, 2, 3 we prove, respectively, that S, DS, D'^S are tame maps; step 4 is the 
inductive step. 

Step 1. Let us show that S' is a tame map. To this aim we hrst remark that, for fixed 
( mo , ho) E X X X and ( m , h) in a neighborhood of ( mq , ho) we have that Cniu) is bounded and 
hence, from the energy estimate (13.5p . 


(3.8) 


v{h-)\\l<C'J\h\\\l^r 


Vt e [0,T] 
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for some C' > 0. A similar estimate also holds for Dtv since 


p-i 

\\Dtv{t,-)\\n = - ap{t)Dlv{t, ■) + \\Dth{t,-)\\n 

n 

j=0 

< C{\\v{t,-)\Up+\\\h\\\^) 

for some C > 0. 

Therefore 

(3.9) |||S'(m, h)|||„ = sup {\\v{t,-)\\n+\\DtV{t,-)\\n) <Cn\\\h\\\n+r' <Cn\\\{u,h)\\\n+r' 

i6[0,T] 

for some > 0 and r' G N, r' > a + p, and S is tame. 

Step 2. We start by computing the Frechet derivative of S, for {u, h), {ui, hi) E X x X: 

S{u + eui, h + ehi) — S{u, h) 


DS{u^h){ui^hi) = lim ■ 
£^0 


(3.10) 


r U “ I" 1 - t 

= lim-= hm tCi, 

E — ^0 s ^ — ^0 


where v is the solution of the Cauchy problem 03.61) and is the solution of the Cauchy problem 


Pu+suAD)ve = Dt{h + ehi) 
^^(O, x) = h(0, x) + ehi{0, x). 


Therefore 

(3.11) 


Pu+euAD)'^e - Pu{,D)v = sDthi 
^^(O, x) — n(0, x) = ehi{0, x) 

and, writing explicitly the equation in 03.lip we come to the equivalent equation 

p-i 

Dt{ve - n) + ap{t)Dl{ve - f^) + ^ aj{t, x,u + eui)Dl{ve - v) 

j=0 

p-i 

+ (3.j(t, x,u + eui) — dj{t, X, u))Di.v = eDthi. 

j=0 

This means that wf in 03.1Up satishes 

= D.h, - x: + 


3=0 


(0, x) = hi{0, x). 

If we prove that {tcf}e is a Cauchy sequence in X, there exists then wi E X such that 
wf —)■ wi in X, so that DS{u, h){ui, hi) = wi, and wi solves the Cauchy problem 


(3.12) 
for 

(3.13) 


PJD)wi = /, 

t<;i(0, x) = hi{0, x) 


p-i 


fi := lim/i = Dthi - x, m)miT)^i 
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Then, by Theorem 12.11 the solution wi of the Cauchy problem (I3.12p would satisfy the energy 
estimate 


wi{t,-)\\l < C'„(M)(^||hi(0,-)||^+, + 




for Cn{u) dehned in 03.51) . and 

lki(f, <^^(“>“1) sup (||/ii(t ) Ollji+f" Ollji+f" d" ’) llfi+»’+p—1) 

ie[0,T] 

(3.14) < C" (|||hi|||„+r'+ |||h|||„+^/) 

by 03.81) . for (m, h) in a neighborhood of {uq, ho) and (mi, hi) in a neighborhood of some hxed 
(hi, hi) E X X X, and for some C'^{u, Mi), C” > 0 and r' >2r + p — 1. Also 

p-i 

DtWi = —ap{t)D^wi — ^ aj{t, x, u)Di.wi + /i 

i=o 


would satisfy a similar estimate, so that the hrst derivative DS would be tame. Summing up, 
to gain that DS is a tame map, it only remains to show that {w\}e is a Cauchy sequence in 
X. To this aim, let us take w\^ and solutions, respectively, of the Cauchy problems 

\Pu+e,umw\^ = n\ {Pu+e,uAD)w\- = fP' 

[tcf (0,x) = hi(0,x), [tcf (0,a:) = hi(0,x), 

then is solution of 


p-i 

Dtw{^ + ap{t)D^wl^ + ^ dj{t, x,u + eiUi)Di.wl^ — Dtwl^ — ap{t)D^wl'^ 

j=0 

p—1 P~^ P~^ 

— dj{t, x,u + e 2 Ui)Diwl^ + dj{t, x,u + eiUi)Di.wl^ — dj{t, x,u + eiUi)Di.w^i 

J=0 jr'=0 1=0 

= /r - fp 


with initial condition — tCi^)(0,a:) = 0, i.e. 



p-i 


U-\-SlUl 


(D)(w 


w 


^2^ 


= /i 


£1 


/i 


£2 


[ttjit, x,u + S 2 U 1 ) — dj(t, x,u + eiUi)'jDi.wl 

j=0 


£2 


tCi^)(0, x) = 0. 


By the energy estimate fl2.ll) and the Lagrange theorem, there exists Mi ^2 between u + ^iWi 
and u + £ 2^1 such that, for all t G [0, T], 

-wl^){t,-)\\n<Cn{u + eiUi)( SUp ||/r (t, “ /f (^ ') lU+r 

V ie[o,T] 

p-i 

+ y^ sup \\dnjaj(t,X,Ui^ 2 )pl - £ 2 )uiDlwl^\\n+r 
1=0 *6[0T] 

for some C„(m + eiUi) > 0. This goes to 0 as £1 —)■ £2 —^ 0 because 0 and, being 

hf^(R) an algebra and satisfying Sobolev inequality for s > 1/2, 

||( 9 u,ai(f,a;,Mi, 2 )(ei - e2)Ml-D^wf ||n+r < \\dnjaj{t,X,Ui^2)\\n+rpl - e2)\\ui\\n+r\\wl^\\n+r+j 
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is bounded for (-u, h) in a neighborhood of {uq, ho) and (ui, hi) in a neighborhood of some hxed 
(hi, hi) E X X X, since mi ,2 is between u + eiUi and u + £ 2^1 and is bounded by 

the energy estimate 

\\wl^\\l+r+j < Cn+r+j{u + £ 2 ^ 1 ) (^||hl(0, •)lln+2r+i + ^ ') lln+2r+iC^^^ • 

Then {taf}e is a Cauchy sequence in X and the Frechet derivative 

DS : {X X X)^ —^ X 
{{u,h),{ui,hi)) I— >wi, 

with Wi solution of fl3.12l) . is tame by the above considerations. 

Step 3. Let us now consider the second derivative of S: 

D^S : {X xX)^ —^ X 

((m, h), (ui, hi), (m 2, h2)) I—)■ D^S{u, h){ui, hi){u2, h2) 


dehned by 

D‘^S{u, h){ui, hi)(n2, h2) 


DSiu + £M 2 , h + £h 2 )(Mi, hi) — DS(u, h)(ui, hi) 
hm- 

£■—^-O S 


wf-wi ^ 

= hm-=: hmtcS 

£—^0 £—^0 

where Wi is the solution of the Cauchy problem fl3.12p and wf is the solution of the Cauchy 
problem 


(3.16) 


{ P-1 

Pu+eu2wl = f! ■= Dthi - ^ dnjhjit, x,u + eu 2 )uiDl.v 

j=0 

x) = hi(0, x). 


Writing 

/l - /l = Pu+eu2{D)'wl - Pu{D)Wi 

p-1 

= Pu+eu2{D){hJl - wi) + ^ {aj{t,x,u + eu2) - aj{t, x,u))Dl.wi 

j =0 


we have from fl3.13l) and fl3.16l) that 


fi — fi -sr-^ hj{t, x,u + eu 2 ) — aj{t, x, u) 


Pu+£U2 


E 

j=0 


Diwi 


p-1 


= -E 

j=0 

=:/l 


hj {t, x,u + eu 2 ) — hj {t, X, u) 


p-1 


Di^i - 

j=0 


du,aj{t, x,u P £^ 2 ) — dyjhjit, x, u) 


UiDiv 


i.e. 


Pu+eu2{D)wl = /I 
tcf(0, x) = 0. 
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Arguing as for we can prove that is a Cauchy sequence and hence t tC 2 G -A, 

where W 2 is the solution of the Cauchy problem 


I Pu{D)w2 = - 

[m;2(0,x) = 0 


p-i 

du,aj {t, X, u)u2Di.wi 

i=o 


p-i 

x,u)uiU2Dl.v =: f2 

j=0 


and satishes the following energy estimate for (u, h) in a neighborhood of {uq, ho) and (ui, hi), 
(m 2 , ^ 2 ) in a neighborhood of some fixed (hi, hi), ('U 2 , ^ 2 ) E X x X: 

\M\l< CM f mrrWnM 

Jo 

which gives 


p-i 

\\w2\\n < C'^{U,UI,U2) (\\Diw,\U, + \\Div\U,) 

1=0 

— (m, Ml,'U 2 ) (lltCi II jj_|_j._|_p_i ||m II jj_|_j._|_p_i) ^ C^ (III hi III -|- III h|| |^_|_j.") 

for some C'^{u, ui, M 2 ), C" > 0 and r" > r + p — 1 + r', by fl3.14p and (13.81) . Then also D'^S is 
tame. 

Step 4. We prove by induction on m G M that, for all m > 2, 


(3.17) 


D S(^u, h)(^ui, hi) • • • (umj hjTi) Wjji 


is the solution of the Cauchy problem 


(3.18) 


Pui^C))Wm fm 

Wm{0y^) = 0) 


with 


(3.19) 


p—1 

fm • ^ dij[jQj{t^ X, U^tifYiD^Wrri—i ^ ^ '^^^m—l'^mD^Wrfi—2 

j=0 j=0 

P-1 

- d'^dj{t, X, m)mi • • • Um-iUmDiwo 

1=0 


and Wq := v, and satishes, in a neighborhood of (m, h), (mi, hi), ... (um, h^), the estimate 


m —1 

(3.20) lll'^mllln ^ Cyi ^ ^ IIIIII?T-+T(m) 

for some > 0 and r(m) G M, where ho := h. 

Let us assume (13.171) - (13.201) to be true for all j < m and let us prove them for j = m + 1: 

I1™+^S'(m, h)(Mi, hi) • • • {Um+l, hm+i) 

_ D'^Sju -I- gM^+i, h d- gM^+i)(Mi, hi) • • • (m^, h^) - L>"^5 '(m, h)(Mi, hi) • • • (m^, h^) 
£—^0 S 

(3.21) = lim =: limtc^ ,,, 
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where Wm is the solution of (I3.18p and is the solution of 

Pu+eu,^+AD)w^^ = 

= 0 

with 

p—1 

fm * ^ ^ X^Vj SUjYi-\-i^VjynD^Wjyi—i ^ ^ X^U SVjjn-\-i^Urri—iUrriD^Wrn—2 

j=0 j=0 

P-1 

(3.22) -^ dl^dj {t, x,u + eum+i)ui ■ ■ ■ UmDlwo. 

j=0 

Then 

fL- fm= Pu+eu^+,{D)w^^ - P^{D)Wm 

p-1 

= Dtitv^ - Wm) + ap{t)Dl{wl^ - Wm) + '^dj{t,x,u + eUm+i)Dl{wl^ - Wm) 


j=0 


p-1 


+ ^ [dj(t,x,u + eUm+i) - aj(t,x,u))Diwr: 


j=0 


p-1 


(3.23) = Pu+eu^+PD)iwl^ - Wm) + {dj{t,X,U + eUm+l) - dj{t,x,u))Dl.Wm 

j=0 

and hence, by 03.211) . 03.23p . 03.221) and 03.19p . Wm+i is solution of the Cauchy problem 

.Pii+eitm+l (-^)'^m+l ~ fm+1 

Wm+li^) = 0 


where 


p-1 

fm+i := - 

j=0 

p-1 


dj{t,X,U + eUm+l)-dj{t,X,u) . fL-fm 

■U^Wm H- 


£ 


£ 


dj{t, x,u + eUm+i) — o.j{t, X, u) 




E- 

j=0 

^ ^ dnjClj(t^ X^ 'll “1“ £Uyyi-^J^ X^ tlj 

j=0 ^ 


'^mD^W Tji—l 


^ dlaj{t, x,u + eum+i) - dldj{t, x, u) • 

/ '^m—l'^mDx^m—2 

^^ e 

3=0 


p-1 

E 

3=0 


dl^aj{t, x,u + eum+i) - ^™ai(C x, u] 


^1 * * * ^mPx^O' 
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Arguing as for we can prove that {tCm+ile is a Cauchy sequence and therefore 

Wm+i € X, where Wm+i is the solution of the Cauchy problem 

J fm+1 

I Wm+l{0,x) = 0, 


with 

p—1 P~^ 

^ dyjQjj (t, Xl^Vjyyij^\D^^WYn 1 

i=0 j=Q 

p—1 P~1 

- dl,aj{t, X, u)Um-lUmUm+lDiWm-2 -^ (9™+^ Oj (f, X, u)Mi • ■ ■ Um+lDlwo 

j=0 j=0 

and fl3.18p is proved for j = m + 1. Moreover, by the energy estimate fl2.ll) and the inductive 
assumption fl3.20p 


lk^+l|ln< Cn{u) [ ||/^+i(r,-)|l^+A 
Jo 

and so, for (u, h) in a neighborhood of {uq, Hq) and (ui, hi), ..., {um, hm) in a neighborhood of 
some hxed (hi, hi),... (hm, h^) G X x X, 


m p—1 

||'?nm+l||n ^ i 9 ^('u) EE ll^m—s +1 ‘ ‘ ‘ Um+lD^^Wm—s\\n+r 

s=0 j=0 


p—1 m p—1 fn m—s—l 

< Cn{u,Ui , . . . , 'U772) EEii slln+r+j ^ EE E |||^i|l|n+r+j+r( m—s) 

j={) s=0 s=0 2=0 


m—1 

— 'y ^ |||hi|||n+r'(m) 

i=0 


for some C'n{u),Cn{u, ui,..., Um), C" > 0, r'{m) e N. 
Then also 


p-i 

II ZlilCm+l ||n II np(t)hl^'U7m+l (ty X, vJj T /m+lUn 

j=0 

m—1 

< C„(m) (llWm+lll n+p + IIA+,y 

III ^2III nH-r^^(m) 

2=0 

for some C!^ > 0, r"{m) = p + r'{m), and for (u, h) in a neighborhood of {uq, ho) and (ui, hi), 
..., (um, hm) in a neighborhood of some hxed (hi, hi),... (hm, hm) G X x X. Therefore (13.201) 
holds also for m + 1. 

We have thus proved fl3.17l) - fl3.20l) . In particular, D^S is tame for every m and hence S is 
smooth tame map. 

We are now ready to prove Theorem 11.31 


□ 
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Proof of Theorem li.M By Remark 13.1[ our goal is to look for a local solution u of (11.11) as a 
local solution of fl3.2p . i.e. of 


P-l rt 


(3.24) u{t,x) = Uo{x) — i / ap{s 


)DPu{s,x)ds [ 

j=o 


aj{s, X, u{s, x))Di.u{s, x)ds 


+i / f{s,x)ds, 


by definition (13. ip of the map T. To this aim, let us notice that from (I3.24p we have the Taylor 
expansion of the hrst order of u\ 


p-i 


(3.25) 


u{t, x) = Uq{x) — it ap{0)Dluo{x) + ^ 0^(0, x, Uo{x))Dluo{x) — /(O, x) j + o(t) 

V i=o 

=: w{t, x) + o{t), as f —)■ 0. 


The function ta G X is in a neighborhood of the solution u we are looking for, if t is 
sufficiently small. The idea of the proof is to approximate Ttc by a function 0^ identically zero 
for 0 < f < Tg < T and apply the Nash-Moser’s Theorem lA.lll in particular the fact that T 
is a bijection of a neighborhood U oi w onto a neighborhood V of Tw. If 0^ G V, then by the 
local invertibility of T there will he u E P such that Tw = 0^ = 0 in [0, Tf\ and hence the local 
(in time) solution of (13.2p will be found. 

To construct 0^ we compute hrst (see the dehnition (13.ip of T): 

p-i 

dt{Tw{t,x)) = dtw + iap{t)D^w + {t,x,w)Diw -if{t,x), 

j=0 

and using the dehnition (13.251) of w we get 


p-i 


dt{Tw{t, x)) = —iap{0)Dluo — i ^ aj(0, x, Uo)Dluo + f/(0, x) 


j=0 


p-i 


+iap{t)D^uo + tap{t)Dl(ap{0)Dluo + ^ 0 ^( 0 , x, mo)-D^mo — f{0,x] 


j=0 


p-i 


p-i 


+i aj(t, x, w)DIuo + t Y^ X, w)Di.(ap{0)D^uo + ^ %(0, x, uo)Dluo 


p-i 


1=0 


1=0 


1=0 


-/(0,a;)j -if{t,x) 


p-i 


i[ap{t) — ap{0)]D^uo + i Y^ [®l(^5 “ ®l(0; uo)]Diuo 

1=0 
p-i 

+ap{t)tDP ap(0)D>o + Y “o)^>o - /(O, x) 

L j=o 

p—1 p 

+ Y, ®l(^’ w)tDi. ap(0)T)^Mo + Y^ '“o)-D^mo — /(O, x) 

j=0 ^ s=0 

+i(f(0,x) - f(t,x)). 























A. Ascanelli and C. Boiti 


27 


Therefore 


p-i 


\\dtTw{t, •)||„ < sup \ap{t) - ap(0)| ■ ||Mo|ln+p + 'Y] \\[aj{t, x,w) - aj{0,x,uo)] -D^moI 
46 [OT] 


+t sup |ap(t)| 

i6[0,T] 


p-1 


ap{0)DPuo + ^ 0^(0, X, uq)DI.uq - /(O, x) 


s=0 


n+p 


aj{t,x,w)Di 


p-1 

j=0 

+ 11/(0, a;) - f{t,x) 


p-1 


ap{0)DPuo + ^ as(0, x, uo)D^^uo - /(O, x) 


s=0 


By Lagrange theorem and for t sufficiently small (so that ta is in a sufficiently small neighbor¬ 
hood of Uq): 


p-1 

\\dtTw{t, •)|1„ < Co{ap, Uo)t + ^ C{aj, Uo)t Ci{ap ,..., Oq, Uq, f)t + Ci{f)t 

j=o 

( 3 . 26 ) < C{ap,...,ao,uo,f)t 

for some positive constants Co{ap, uo), C{aj, uq), Ci{ap ,..., oq, uq, /), Ci(/), C{ap ,..., oq, uq, /) 
depending only on the variables specified there. 

Let us now choose p G with 0 < p < 1 and 


Define then 


P(s) 


0, s < 1 
1, s > 2. 


0£(f,x) := f P {dtTw){s,x)ds, 


and note that (/>£ = 0 for 0 < t < e. We are going to prove that, for every fixed neighborhood 
V of Tw in the topology of X = T]; we have G D if e is sufficiently small. 

Indeed, by definition of (pe and using fl3.26p . 


\\Tw - (p^Wn = 


1 - p (diTw)(s,-)ds <1 (l-{dtTw){s,-) 


ds 


r2e 


(3.27) 

Moreover 

\\dt{Tw - (ps)\\n = 


< C{ap ,..., ao, Uo, f) sds = C{ap ,..., Oq, Uq, f)2e^ 


dtTw{t, •) - P - {dtTw){t, ■) 


< 1-P - ll^t^«^(/-)ll 


(3.28) 


< 


(l - P ^ C{ap, ..., ao, Uo, f)t < 2C{ap, ..., Oq, Mq, f)£, 


again by (I3.26p and looking at the support of 1 — p (t/e). 

From (I3.27P and (13.281) we thus have, for 0 < e < 1, that 

\\\Tw - (p^lWn < 2C{ap, ...,ao, Uo, f)e 


and hence 0^ G D for e sufficiently small, where V is the neighborhood of Ttc such that 
T : f/ —)■ 1/ is invertible. 
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Then, there exists u ^ U C X such that Tu = (ps and hence, in particular, 

Tu = 0 for 0 < t < £. 

This proves that u E C^([0,e]; is a local solution of the Cauchy problem (II.ip . 

Uniqueness follows by standard arguments. As a matter of fact, if u,v are two solutions of 
the Cauchy problem fll.ip . we have 

p-i 

0 = Pu{D)u — Py{D)v = Pu{D){u — f x, u) — aj{t, x, v))dIv 

j=0 

P~^ l*U 

= Pu{D){u — v)+ '^2 / du,aj{t,x, s)ds DIv 
j=o 

p-i pi 

= Pu{D){u — v)+ ''y^ / dwaj{t,x,v + t{u — v)){u — v)dt DIv 

J=0 -^0 

= iPu{D) + ''y^ / dwaj{t,x,v + t{u — v))dt DIv] {u — v) 

\ j=0 -^0 J 

=: P{u — v). 

Therefore, for fixed u,v E X, the function w := u — v solves the linear Cauchy problem 


(3.29) 


Pw = 0 
tc( 0 , x) = 0 , 


and since P is of the same form as Pu{D) with 

p-i pi 

do(t,x,u) := ao(t,x,u) + ''^^ / x,v + t{u — v))dt DIv 

j=o 

instead of ao{t,x,u), and has therefore the same kind of regularity on the coefficients. By 
the uniqueness of the linearized Cauchy problem (given by Theorem II.ip . we finally have that 
w = 0. Therefore u = v and uniqueness is proved. □ 


4. Further generalizations 


In this section we focus on generalizations of Theorem 11.31 we first consider the Cauchy 
problem fll.ip with Op = ap{t,x), a; G M, and then give an idea on how the result can be 
extended to the case a; G M”. 

The dependence of Op on x means that in the explicit expression of the symbol a{e~^Ae^) 
in fl2.19p some new terms containing D^ap{t,x) appear for 7 ^ 0. 

By assuming Op G C([0, T], S°°(M)) with ap{t,x) E M and 


(4.1) 

(4.2) 


lm{D^ap){t,x)\ < 


C 

P-113/2] ’ 

{x) P -1 



<p- 1 , 


Re{D^ap){t,x)\ < C, 0 << p — 1, 




in analogy with fll.lip - fll.12p . we shall retrace here below the proof of Theorem 11.31 
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Notice that Op G C([0, T]; implies that condition (14.2^ is authomatically satished, 

while ttp real valued implies that condition fl4.ip reduces to 

< p — 1, /3 odd. 


Therefore we can prove the following theorem: 


\D^ap{t,x)\ < 


C 


v-\PI‘A 

irrA p-l 


0 < 


Theorem 4.1. Let p > 2 and consider the following p-evolution operator: 

p-i 

(4.3) Pu{D)u := DtU + ap{t, x)D^u + ''^^aj{t, x,u)Di.u, 

j=0 

where Op G C([0, T]; with ap{t,x) G M, and Oj G (^([O, T]; x C)) with x i-A 

aj{t, X, w) G for 0 < j < p — 1. 

Let us assume that there exist constants Cp > 0 and C > 0 and a function 7 : C ^ M"*" of 
class C'^ such that, for all {t,x,w) G [0,T] x M x C.- 


(4.4) ap{t,x)>Cp, 


D^ap{t,x)\ < 


C 


P-lP/2] ’ 

(x) P-1 


0 < 


< p — 1 , (3 odd, 


lm{D^aj){t,x,w)\ < 0 

(x) p-i 


< 


<J-1, 3<j<p-l, 


Re{D^aj){t,x,w)\ < C-fiw) 0 < ^ < j - 1, 3 < j < p - 1, 


{DlD^aj){t,x,w)\ < — 


j-ih+n/2] > 

(x) p-i 


7 + /?' 


<J-1, 3<j<p-l, 


Rea 2 (f,x,tc)| < C'j{w), 
C'y{w) 


lma2(t,x, tc)| < 


(x)p- 


2 _ ? 
1 


lmai(t, X, tc)| + I lmZl 3 ;a 2 (t, x,w)\ + \Dy^a 2 (t, x,w)\ < 


C'^{w) 

(x)^ 


Then the Cauchy problem (II.Ih . for Pu{D) defined as in (14.31) . is locally in time well-posed 
in H°°: for all f G C([0, T]; i4°°(M)) and uq G there exists 0 < T* < T and a unique 

solution u ^ c([0,T*\, H°°{R)) of fll.ip . 


Proof. We remark that from the assumptions fl4.1l) - fl4.2p we can obtain fl2.14p - fl2.15p also for 
j = p (indeed, inequalities fl2.16p - fl2.17p are valid also for j = p with a fixed constant 7 (m) = 7). 

Now we follow the proof of Theorem 12.11 (see also |ABZ1] ) outlining the needed changes. In 
formula fl2.19p of step 1, on the one hand the symbol Ai remains unvaried if Op = ap(t,x), so 
fl2.25p is unvaried too; on the other hand, Ajj has terms D^ap(t,x) which are now different 
from zero also for (3^0. Deriving fl2.23l) from fl2.20p and fl2.2ip we thus have to take into 
account these terms. The estimates of the order and decay of the terms in fl2.20l) are the same 
as in the case Op = ap{t), while in the estimate of the order and decay of the terms in fl2.2ip . 
the only term which works differently from the case Op = ap{t) is —{d^A)[Dxiap)f^. This is sum 
of terms of the form —{d^Xp_k){dxO'p)^^- for fc = 1 the term —{d^Xp_i){dxap)f^ is of order zero 
because d^Xp^i has support in the set ^ (^) ^ the other terms 

(4.5) - {d^Xp_k){d,,ap)fP, 2 < /c < p - 1, 
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have order p — k and not p — /c — 1, as it was in (I2.22p . 

Therefore all terms of Re ^77|ord(p-fc) satisfy fl2.23p except for the terms in fld.Sp . that we shall 
treat separately here below, following the same ideas as in the proof of the ivertibility of (cf. 
[ABZlj h 

By fl2.6p and fl4.ip : 


(4.6) 


'=-1 . . . . s C 


\d^Xp-kdxap^P\ < CiflMp_k{x)p-^{S)f, Xe{x) 


{x)p- 




< C'i,oC' 


(O/I (x)V^ 

Mp-k 

h 


< C'l.oC fe+i 

(a:)Vw 


if h > Mp-k- 

This means that we can insert {d^Xp-k){dxap)^^ at level p — k + 1, since it has the “right 
decay” for the level p — k + 1 and satishes an estimate of the form fl2.18l) . with a constant CiflC 
that does not depend on any of the Mp_k, for k >2. 

Therefore we shall insert {d^Xp_k){dxap)^^ in Re ^//|oj.d(p-fc+i) instead of Re ^//lord(p-fc)> 

2 < k < p — 1, and act as if fl2.23p holds as it was in Theorem 12.11 

All the other steps are based on the estimates (I2.25p and (I2.23p . so that their proof follows 
as in Theorem 12.11 thanks to the added assumptions fl4.ip . fl4.2p . which ensure that the new 
terms still have the ’’right decay for the right level” and depend on the “right constants” Mp_fc, 
if we choose h > max{Mp_ 2 , Mp _^,..., Mi} and large enough to ensure the invertibility of the 
operator as in fl2.9p . 

Finally the Nash-Moser scheme of Section [3] does not involve the dependence of Op on x. 

Therefore Theorem 14.11 is proved. □ 


We conclude this paper with the following remark about the generalization of Theorems 11.31 
and lO to the case x G M"', n > 2. 

Remark 4.2. In the proof of Theorems 11.31 and 14.11 the symbol A = Ai + ■ ■ ■ + Ap_i was 
constructed in fl2.5p . following |KBj . in a way such that in Steps 2 and 3 of the proof of 
Theorem 12.11 in order to apply the sharp-Garding theorem, we got 

(4.T) Y\X^{%p(XpDxXp—k^ T 'iO/p—k') P^p^xXp—k^^ ^^Xldp—k ^ ^ f; • • • f? 

where dp^k was given by the sum of dp-k^^~^ and (possible) other symbols of order p — k with 
the ’’right decay for the right level” and dependence on the “right constants”. 

For the case of more space variables we have to choose A = Ai + ■ ■ ■ + Ap_i in order that it 
satishes a pseudo-differential inequality of the form: 

n 

(4.8) y^^pa-p{t,x)dx^Xp_kW~‘^ij - Imap_fc > -C{u), /c = 1,... ,p - 1, 

i=i 

where dp-k is a symbol of order p — k with the “right decay” and depending on the “right 
constants”, i.e. 

Imap_fc| < G(Mp_i,..., Mp_k+i) ^ 

(x) p-i 


(4.9) 
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for some C(Mp_i,..., Mp_k+i) > 0. 

A solution Xp-k to fl4.8l) can be constructed, following the ideas of [KBj . by solving the 
equation 

n 

(4.10) '^pCpd^.Xp_kW~‘^ij = \^\9k{x,0 

i=i 

for Cp as in fl4.4l) . and for some positive function gk{x,^) with a decay as in fl4.9l) and large 
enough so that (14.81) will therefore be satished. 

But a solution, for large |^|, of an equation of the form 

n 

i=i 

is given by (cf. |KBj ) 

(4.11) A(x, 0 = J gi^x- dr, 

so that the functions Xp-k can be constructed by means of functions A for the form (14.111) . as 
explained in |CR2] . 

5. Appendices 

A. The Nash-Moser Theorem 

We recall here the basic notion of the Nash-Moser theory as in ra, n. 

Definition A.l. A graded Frechet space X is a Frechet space whose topology is generated by 
a grading, i.e. an increasing seguence of semi-norms: 

IklU < ||ai||n+i, Vn e No, X e X 

Definition A.2. For two graded Frechet spaces X,Y, a linear map L : X ^ Y is said to be a 
tame linear map if there exist r, rio G N such that for every integer n > uq there is a constant 
Cn > 0, depending only on n, s.t. 

(A.l) \\Lx\\n < Cn\\x\\n+r Vx G A. 

The number no is called the base and r the degree of the tame estimate (lA.ip . 

Definition A. 3. Given a Banach space B, the space of exponentially decreasing sequences 
E(i?) is the graded space of all seguences {vk}keno C B such that 

+ CX) 

ll{^fc}|U := X] e'^^\\vk\\B < +00 Vn G Nq. 

k=0 

Definition A. 4. A graded space X is said to be tame if there exist a Banach space B and two 
tame linear maps Li : A —)■ S(B) and L 2 : S(i?) —)■ A such that L 2 o Li is the identity on A. 

Remark A. 5. The property of being tame is stable under the usual operations like direct sum, 
product, etc. (cf. |DA] . [H]b 

Example A. 6. The space C^([0, T]; i7°°(M™')), m > 1, endowed with the family of seminorms 
III^IIU := sup (||^(t, Olln + \\Dtg{t, •)||„), n G Nq, 

[0,T] 


is a tame space. 
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Proof. Since is tame (see |CNT] ). there exist a Banach space B and two tame linear 

maps 

Li : ^ S(5) 

9 I—t {gk} 

L 2 : S(5) —^ 

{9k} I—t g 

such that 

+00 

(A.2) \\Li{g)\\n=\\{gk}\\n-=^e''’‘\\gk\\B <Cn\\g\\n+r n>no 

k=0 

II^2({s'fc}) ||n |ll?l|n ^ II {s'fc} IIn+r' ^ '^0 
for some Cn, > 0, uq, r, r’ G N, and 
(A.3) L2oL,{g)=9 ^g e 

We construct the linear map 

Zi ; C\[0,T]-,H°°{M.^)) ^ C\[0,Ty,E{B)) 
g{t,x) I— >Lig{t,x) 

defined, for every hxed t G [0,T], by Lig = Lig(t, •) = {gk(t, •)}. Clearly {gk(t, •)} G S(-B) for 
all t G [0,T] by construction. We now prove that Li is well defined. Let us hrst remark that, 
since g G C^{[0,T]-, there exists g' G C°([0, T];//““(M™)) such that 


(A.4) 


lim 

h^O 


g{t + h,-)- g{^ _ 


h 


= 0 Vn G Nn. 


In order to show that = {gk{t, •)} G C^([0,T]; S(i?)) we shall prove that there exists, in 
S(i?), the dt derivative of Lig = {gk(t, •)} and this is given by Li{g') = {{g')k(t, •)}. Indeed, 
for all n G N, from flA.2p and flA.4p we have that 

H-OO 


E' 

k=0 
Li 


nk 


9k{t + h,-) -gk{tr) 


h 


W)kit, 


B 


< a 


g{t + h,-)- g{t,-) , 

- h - 

git+ h,-) - git,-) _ 


0 as h —)■ 0. 


n+r 


Therefore {gkfit, •) = ig')kit, •) and the linear map Li is a linear tame map because of (lA.2p : 

( +CXD +00 

k=0 k=0 

— sup (||fl'(t, •) ||n+r T IIS' ) ■) l|n+r) 

i6[0,T] 

= C'^lllfi'IIU+r- 

Analogously we can construct a tame linear map 

U: C'i([0,T];S(5)) ^'([0, T]; 
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defined by L 2 {{gk}){t, •) = L 2 {{gk{t, •)}) = g{t, •) for all t e [0,T]. 

Moreover, L 2 o Li is the identity map on (^^([O, T]; by construction. 

The proof is complete. 

For nonlinear maps, the dehnition of tame map is given by: 


□ 


Definition A.7. Let X,Y be two graded spaces, U <Z X and T : U ^ Y. We say that T 
satisfies a tame estimate of degree r and base uq if for every integer n > hq there exists a 
constant C„ > 0 such that 


(A.5) 


\\T{u)\\n<Cn{l + \\u\\n+r) Wu E U. 


A map T defined on an open set U is said to be tame if it satisfies a tame estimate flA.Sp in 
a neighbourhood of each point u E U (with constants r, no and Cn which may depend on the 
neighbourhood). 

Remark A. 8 . Let us remark that a linear map is tame if and only if it is a tame linear map. 
Moreover, the composition of tame maps is tame (cf. [DAj . [H]). 

Recalling the notion of Frechet derivative DT{u)v of a map T: U (Z X ^ Y aX u E U in 
the direction n G A, as 


(A.6) 


DT{u)v ;= lim 


T(m + ev) — T{u) 


we say that T is C^{U) if it is differentiable, in the sense that the limit (IA.6j) exists, and if the 
derivative DT : U x X ^ Y is continuous. 

Recursively, we can define the successive derivatives D^T : U x A"" —)■ Y and say that T is 
C°°{U) if all the Frechet derivatives of T exist and are continuous. 

Definition A.9. Given two graded spaces A, Y and an open subset U of X, we say that a map 
T : U ^ Y is smooth tame if it is C°° and D^T is tame for all n G Mq. 

Remark A.10. Sums and compositions of smooth tame maps are smooth tame. Moreover, 
linear and nonlinear partial differential operators and integration are smooth tame (cf. |DA] . 

B). 

We finally recall the Theorem of Nash-Moser (see [H]i: 

Theorem A.11 (Nash-Moser-Hamilton). LetX,Y be tame spaces, U an open subset of X and 
T : U ^ Y a smooth tame map. Assume that the eguation DT{u)v = h has a unigue solution 
V := S{u, h) for all u E U and h eY and assume that S : U xY ^ X is smooth tame. Then 
T is locally invertible and each local inverse is smooth tame. 


B. Sharp-Garding and Fefferman-Phong inequalities 

Let A{x,Dfi) be a pseudo-differential operator of order m on M with symbol A(a;,.^) in the 
standard class S'™ dehned by 


(B.l) 


WDiA(x,(,)\<C^AVl' 


for some Ca,g > 0. 

The following theorem holds (cf. [KG]): 


Vo, /3 G N, 
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Theorem B.l (Sharp-Carding). LetA(x,^) E and assume thatKe A{x,^) > 0. There exist 
then pseudo-differential operators Q{x,Dx) and Ri^x^Df) with symbols, respectively, Q{x,^) E 
S'™ and R{x,{) E 5'™“^, such that 

A(x, Da) = Q{x, Da) A R{x, Da:) 

Re{Q{x, Da:)u, m ) > 0 'iuEH^ 

(B.2) 

a+y>2 

with ipi,f!a,i 3 real valued functions, ipi E S~^ and xlja,i 3 £ 


Remark B.2. Terms of the form 'if)a,ii{i)&)D^A{x,f) E S'™ a + ) > 2, oi flB.2p can 

be rearranged so that we have 




ord{m—i) ’ 


i>l 


where 


(B.3) R(a:,0| 


ord{m—£) 


+ Yl '^o:A09^D^A{x,^), i=l, 

2<o+/3<3 

i><.AOa^DlA{x,o, (>2. 

2i<a+P<2£+l 

Remark B.3. Theorem IB. II implies the well-known sharp-Garding inequality 
(B.4) Re{A{x,Da:)u,u) > -c\\u\\f^_^y 2 

for some hxed constant c > 0. 


A well-known rehnement of flBCp is given by the following theorem (cf. [FPj h 
Theorem B.4 (Fefferman-Phong inequality). Let A{x,f,) E S'™ with A{x,f^) > 0. Then 
(B.5) Re{A(x,-D^) m, m) > —c||m||(^_ 2)/2 Vm E iP™ 

for some c > 0 depending only on the constants Ca,js in fIB.ip . 

Remark B.5. By |LM] we know that for m = 2 the constant c in fIB.Sp depends only on 
max|„|+|^l< 7 Ca,^, for Ca ,0 as in (IB.IF 
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